The well known metrological linear squeezing parameters (such as quadrature or spin squeezing) efficiently quantify the sensitivity of Gaussian states. Yet, these parameters are no longer sufficient to characterize the much wider class of highly sensitive non-Gaussian states. We introduce a class of metrological nonlinear squeezing parameters obtained by analytical optimization of measurement observables among a given set of accessible (possibly nonlinear) operators. This allows for the metrological characterization of non-Gaussian quantum states of discrete and continuous variables. Our results lead to optimized and experimentally-feasible recipes for high-precision moment-based estimation of a phase parameter and can be used to systematically construct multipartite entanglement and non-classicality witnesses for complex quantum states.
Introduction.-A central quest in quantum metrology is to relate the reduced variance of an observable to the possible enhancement of sensitivity in parameter estimation [1] [2] [3] [4] . For instance, quadrature squeezing can enhance the sensitivity of homodyne interferometers beyond the shot-noise limit [1] , as experimentally demonstrated with squeezed vacuum states of light [5, 6] and atoms [7] , and envisaged for thirdgeneration gravitational wave detectors [8, 9] . Moreover, multi-mode squeezing can reveal mode entanglement [10] [11] [12] [13] [14] [15] and Einstein-Podolski-Rosen correlations [16] [17] [18] [19] . Squeezing of a collective spin [2] currently represents the leading strategy to obtain quantum-enhanced sensitivities in Ramsey interferometers [3] , with direct applications to atomic clocks [20] , magnetometers [21] , and matter-wave interferometers [22] . Spin squeezing is also a witness of metrologicallyuseful multiparticle-entanglement [23] [24] [25] [26] and Bell correlations [27] [28] [29] . Squeezing of linear observables of discrete [23] [24] [25] [26] [30] [31] [32] [33] [34] [35] [36] [37] or continuous variables [38] [39] [40] [41] [42] , e.g., collective spins or quadratures, has proven to be a successful concept to characterize the class of Gaussian quantum states with phase-estimation sensitivities beyond the classical limit [3] , and is hereinafter indicated as metrological linear squeezing.
Yet, some highly sensitive continuous-variable states are non-Gaussian [43] [44] [45] [46] and Gaussian spin states form a small and non-optimal class of useful states for metrology [47] [48] [49] . Non-Gaussian states further hold the promise of opening up classically intractable pathways for quantum information processing [50] [51] [52] . These perspectives have led to a growing interest in the generation of non-Gaussian quantum states in both discrete-and continous-variable systems [53] using nonlinear processes [54, 55] , photon-addition or -subtraction [56] [57] [58] or measurement techniques [44, 45, 59] . More refined tools are required to characterize highly sensitive nonGaussian states, as the linear squeezing coefficient becomes too coarse to capture non-Gaussian features [54] . It would be highly desirable to reveal the metrological sensitivity of non-Gaussian states using only the mean value and variance of some accessible nonlinear observables, beyond the limitations of linear squeezing. However, this possibility has been demonstrated only for specific cases-e.g., using squared spin operators for twin-Fock states [60, 61] , or the parity operator for GHZ states [62] [63] [64] -and it is not known how to systematically identify optimal nonlinear observables for arbitrary states. While in principle, we may theoretically determine an optimal projective measurement that will fully reveal the metrological potential of any quantum state [65] , such a measurement is experimentally unfeasible in most cases.
In this manuscript, we extend the concept of metrological linear squeezing to arbitrary (nonlinear) observables and provide a systematic way to optimize it. Specifically, we analytically identify the optimal measurement observable out of any given family of accessible operators for arbitrary quantum states. Measurement of this observable will lead to the highest achievable metrological sensitivity in a quantum phase estimation experiment within this family of accessible operators. If this family includes only linear observables, we recover the well known linear squeezing parameters. If also nonlinear operators are accessible, we obtain metrological nonlinear squeezing parameters that are suitable to characterize the sensitivity of a wider class of non-Gaussian quantum states, as we illustrate with a series of examples. When all possible measurement operators are accessible, the ensemble of states detected by the nonlinear squeezing parameters equals the full ensemble of metrologically-useful quantum states detected by the quantum Fisher information. Our results provide scalable tools for the development of feasible quantum phase estimation strategies beyond Gaussian states and the identification of multiparticle entanglement in increasingly complex manybody quantum systems.
Metrological nonlinear squeezing parameter.-One possibility to estimate an unknown parameter θ encoded in a quantum stateρ(θ) is given by the method of moments (see [49] for a review). Within this approach θ is estimated as the parameter θ est that yields equality of the sample meanx µ = µ i=1 x i /µ of a sequence of independent measurements and the expectation value X ρ(θ) = Tr{Xρ(θ)} that is determined in a calibration experiment beforehand, i.e.,x µ = X ρ(θ est ) . In the central limit, for µ sufficiently large, the random variablex µ is normally distributed around X ρ(θ) with variance (∆X) 2 ρ(θ) /µ. Then, the phase uncertainty is given by (∆θ est ) 2 tion and quantifies the squeezing of the measurement variance (∆X) 2 ρ(θ) with respect to the variation of the expectation value X ρ(θ) with θ. The squeezing parameter fulfills the chain of inequalities χ
that is saturable by an optimalX [49, [65] [66] [67] . Here,
2 is the Fisher information, where p(x|θ) = Tr{Π xρ (θ)} describes the full counting statistics for the observableX with spectral decompositionX = x xΠ x . Finally, the quantum Fisher information 
is a property of the initial stateρ, the parameter-encoding HamiltonianĤ and the observableX. The achievable sensitivity (1) depends on the choice of the observableX. This motivates the introduction of an optimal metrological squeezing parameter for a family of accessible operatorsĤ
The analytical optimization over arbitrary linear combinations of accessible operators (namelyĤ =Ĥ n = n ·Ĥ = K k=1 n kĤk andX =Ĥ m with n, m ∈ R K ) is one of the main results of this paper. For the inverse of Eq. (2), we obtain
for all n and m, where we introduced the moment matrix
Here, Γ[ρ,Ĥ] is the covariance matrix with elements
T and positive semidefinite for allĤ. We further assume Γ[ρ,Ĥ] to be positive definite and hence invertible, which excludes the situation whereρ has zero variance for someĤ n . The real-valued, skew-symmetric commutator
where α ∈ R is a normalization constant. To prove Eq. (3), we write (∆Ĥ m ) Besides determining the optimal measurement observablê H m , we may use Eq. (3) to find the evolution HamiltonianĤ n that leads to the highest possible phase estimation sensitivity. This Hamiltonian is identified asĤ n max , where n max is the max- Finally, to quantify the achievable metrological sensitivity enhancement, we introduce
where
indicates the shot-noise (SN) limit, i.e., the maximal quantum Fisher information for classical states namely particle-separable states in a manyspin system [47] or coherent states in the continuous-variable regime [72, 73] . Nonlinear spin squeezing coefficients.-Let us consider the case of an N-qubit system described by collective spin opera-
α /2 and theσ (i) α are the Pauli matrices for α = x, y, z. The operatorsĴ are linear in a sense that they do not involve spin-spin interactions. Particleseparable statesρ p−sep = γ p γρ
, where p γ describes a probability distribution and theρ (k) γ are local states of the kth qubit. As the achievable quantumenhancement increases with the number of entangled particles, we obtain with Ref. [74] that ξ −2 opt [ρ,Ĵ n ,Ĥ] > k reveals multiparticle entanglement of at least k qubits, whereĴ n = n·Ĵ is an arbitrary collective spin operator with n ∈ R 3 and |n| 2 = 1 and the elements ofĤ can be nonlinear [75] .
Using Eq. (6), we now introduce a fully optimized (linear) spin squeezing coefficient as ξ
This is equivalent to the spin squeezing coefficient first introduced by Wineland et al. [2] . Both directions for the measurement and the parameter-encoding evolution are optimized for sensitivity. The implied optimization problem can be involved (see, e.g., Ref. [37] ). Using Eq. 
which solves this problem analytically for arbitrary statesρ without constraints. A stateρ is spin squeezed if ξ 
N(∆Ĵ
2 {Ĵ y ,Ĵ z }) contains all linear and symmetric quadratic collective spin operators andĴ (2) m = m ·Ĵ (2) [76]. Note that we always assume a linear generatorĤ =Ĵ n for the phase imprinting evolution. The optimization problem for m is solved using Eq. (3), whereM[ρ,Ĵ (2) 
]Π is the moment matrix in the linear subspace, obtained via the projector Π = (1, 1, 1, 0, 0, 0, 0, 0, 0) . The higher-order coefficients ξ Collective spin systems: Nonlinear evolution-Benchmark examples of non-Gaussian spin states are obtained by the nonlinear one-axis-twisting (OAT) [30] evolution |Ψ OAT (τ) = e −iτĴ 2 y |Ψ(0) starting from a coherent spin state pointing in the z direction, i.e., |Ψ(0) = |N/2, N/2 z is a simultaneous eigenstate ofĴ 2 andĴ z . For short times, the evolution generates spin-squeezed states, as captured by the linear spin-squeezing coefficient [3, 30] . For τ 1/ √ N spin squeezing is lost as the state wraps around the Bloch sphere and becomes nonGaussian, generating a GHZ state at τ = π/2 and a full revival of the initial spin coherent state at τ = π. This dynamics has been realized on relatively short time scales [3] with large ensembles of Bose-Einstein condensates [31] , ultracold atoms in a cavity system [34] , or trapped ions [33] , and on longer times in experiments with smaller numbers of trapped ions [64] as well as, recently, for the electronic spin J = 8 of dysprosium atoms [78] . Lower bounds on the Fisher information for the states |Ψ OAT (τ) have been studied numerically in Ref. [67] . In Fig. 1 we show the analytically optimized linear and nonlinear spin-squeezing coefficients ξ Fig. 1 a) ]. For N = 100, sensitivities up to N 2 /2 are still revealed [ Fig. 1 b) ] and are achieved by highly non-Gaussian states [ Fig. 1 c) ]. For long evolution times, the characterization is complemented by the spin parity squeezing coefficient, ξ
is particularly suitable in the vicinity of the GHZ state [62] at τ = π/2, as is shown by the green dashed line in Fig. 1 a) .
A faster generation of entanglement is possible by the socalled twist-and-turn evolution |Ψ TAT (τ) = e [54, 79, 80] . Also in this case, whereas the onset of nonGaussianity produces a rapid decay of the linear squeezing coefficient (K = 1), nonlinear squeezing coefficients of moderate order are sufficient to capture large sensitivities and reveal sig-nificant amounts of particle entanglement at experimentallyrelevant short times [ Fig. 1 d) and e) ]. The Wigner functions [3] [ Fig. 1 c) and f) ] reflect the non-Gaussian nature of the generated states revealed by these methods.
Nonlinear continuos-variable squeezing coefficients and Fock-state sensing.-In the continuous variable case, the nonlinear squeezing coefficient is defined from higher-order combinations ofx = (â +â † )/ √ 2 andp = i(â † −â)/ √ 2, i.e., phase space quadrature operators for a bosonic single-mode field with annihilation operatorâ [81] . A particularly important application is the sensing of displacement amplitudes, which can be used to estimate small forces and fields [46] . Displacements are generated by linear combinations ofx and p, i.e., D(α) = exp(αâ † − α * â ) = exp (iq n θ). Here the amplitude of α = θe −iφ / √ 2 characterizes the phase parameter θ of interest and its phase φ determines the "direction" of the displacement via the quadratureq n = n 1x + n 2p with n 1 = sin(φ) and n 2 = − cos(φ). Shot-noise sensitivity is attained by coherent states |α =D(α)|0 , generated from the vacuum |0 . The displacement sensitivity of |α is independent of α and we find
Fock states |n = (â † ) n / √ n!|0 , have particularly appealing properties for displacement amplitude sensing. They can be generated in a variety of quantum systems, e.g., by manipulating the motion of trapped ions [82] , by strong atom-cavity interactions [45] , or by optical nonlinear [55] or superradiant processes [83] . Due to their isotropic concentric fringes in phase space, Fock states yield sub-shot-noise sensitivity for any displacement generated byq n . Fock states lead to F Q [|n ,q n ] = 4n + 2, which indicates a quantum enhancement for all n > 0, independently of n.
As Fock states are non-Gaussian, their characteristics cannot be sufficiently uncovered by measuring linear observables. In fact, even second-order observables are insufficient. Let us therefore extend the family of accessible operators by adding four nonlinear observables of third order: 
which coincides with the states' quantum Fisher information, i.e., the full metrological potential. Hence, the optimal observableĤ m opt = m opt ·Ĥ for displacement sensing with a Fock state |n is given according to Eq. (5) by m opt = c n (−(1+2n)n 2 , (1+2n)n 1 , n 2 , −n 1 , n 2 , −n 1 ) with the normalization constant c n = 1/ √ 3 + 4n(1 + n) and n 1 , n 2 characterize the generating quadratureq n .
Conclusions.-We have extended the concept of metrological squeezing to arbitrary nonlinear observables of discreteand continuous variables by devising a systematic optimization of the measurement observable for quantum metrology. Our methods provide the smallest achievable phase uncertainty for any given set of accessible measurement observables. This generalizes the standard (linear) squeezing parameters that are obtained by measuring only linear observables.
Nonlinear squeezing relates the metrological quantum enhancement of non-Gaussian states to the squeezed variance of an optimal nonlinear observable, which is identified from the accessible set. The required order of non-linearity provides an indication of the states' degree of non-Gaussianity. This paves the way for implementable strategies to characterize metrological sensitivity and entanglement of non-Gaussian states, and to harness their increased potential in quantum metrology experiments. Our methods can be readily applied to nonGaussian states of quantum light, as well as oversqueezed spin states of cold atoms or trapped ions.
